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Recently, it was established that there exists a direct relation between the non-Hermiaitian skin
effects, -strong dependence of spectra on boundary conditions for non-Hermitian Hamiltonians-,
and boundary zero modes for Hermitian topological insulators. On the other hand, in terms of
the spectral theory, the skin effects can also be interpreted as instability of spectra for nonnormal
(non-Hermitian) Hamiltonians. Applying the latter interpretation to the former relation, we develop
a theory of zero modes with quantum anomaly for general Hermitian lattice systems. Our theory
is applicable to a wide range of systems: Majorana chains, non-periodic lattices, and long-range
hopping systems. We relate exact zero modes and quasi-zero modes of a Hermitian system to spec-
tra and pseudospectra of a non-Hermiatian system, respectively. These zero and quasi-zero modes
of a Hermitian system are robust against a class of perturbations even if there is no topological
protection. The robustness is measured by nonnormality of the corresponding non-Hermitian sys-
tem. We also present explicit construction of such zero modes by using a graphical representation
of lattice systems. Our theory reveals the presence of nonnormality-protected zero modes, as well as
the usefulness of the nonnormality and pseudospectra as tools for topological and/or non-Hermitian
physics.
I. INTRODUCTION
Topology [1, 2] and non-Hermiticity [3–7] are major
concepts of recent condensed matter physics. One of
the most intriguing proprieties of topological physics is
the bulk-boundary correspondence [8], in which massless
modes with quantum anomaly appear on the boundary
of the insulating bulk corresponding to a nontrivial topo-
logical invariant. The counterpart of the non-Hermitian
physics is the non-Hermitian skin effect [9, 10], where the
eigenspectrum of a non-Hermitian Hamiltonian strongly
depends on the boundary condition owing to the non-
Bloch nature [9–17].
Recently, the correspondence between the winding
number and skin effect has been pointed out [12, 13]
and proved [16, 17]. On the basis of this understand-
ing, Ref. [17] has also proposed the notion of symmetry-
protected skin effects together with higher-dimensional
ones, and found the correspondence between them and
boundary anomalous zero modes of topological insula-
tors/superconductors. These findings give a unified un-
derstanding of topological and non-Hermitian physics.
In this paper, we give a construction of Hermitian
Hamiltonians with anomalous zero modes defined on
general lattices such as long-range and nonperiodic sys-
tems by generalizing the relationship between topologi-
cal zero modes and non-Hermitian skin effects. Noticing
that the skin effects can also be interpreted as special
cases of unstable spectra of nonnormal matrices H (i.e.,
[H,H†] 6= 0), we relate the general nonnormal spectra
and pseudospectra [18] to anomalous exact and quasi-
zero modes of the corresponding Hermitian Hamiltoni-
ans, which do not necessarily have a topological char-
acterization. Instead of the topological protection, we
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regard the nonnormal pseudospectum as the measure of
the robustness against perturbations, which includes the
notion of the topological protection as a special case. Our
theory not only proposes the notion of the nonnormality-
protected zero modes but also adds nonnormal spectra
and pseudospectra as tools for topological and/or non-
Hermitian physics. The correspondences between con-
cepts of Hermitian anomalous zero modes and those of
nonnormal matrices are summerized in Table.I.
This paper is organized as follows. In Sec. II, we briefly
review the non-Hermitian skin effects and their topolog-
ical origin on the basis of the theory developed in Ref.
[17]. There the relationship between the semi-infinite
dense spectrum and the topological zero modes plays a
crucial role in the skin effects. We also point out a subtle
point about the exact and quasi-zero modes, which mo-
tivates us to introduce the pseudospectrum in the next
section. In Sec. III, we introduce and define several con-
cepts of general square matrices including nonnormal ma-
trices. In particular, the ǫ-pseudospectum σǫ(H), which
is the set of spectra of H with ǫ-perturbations, is intro-
duced to characterize the unstable nature of nonnormal
spectra. We also discuss a possible application of the
pseudospecta for the nonequilibrium dynamics. In Sec.
IV, we present our main result. We give a construction
of Hermitian Hamiltonians with anomalous zero modes
from nonnormal matrices by noticing the similarity be-
tween semi-infinite dense spectra in Sec. II and non-
normal pseudospectra. We discuss the robustness of the
anomalous nature of those zero modes in terms of the
behavior of the pseudospectra. In Sec. V, we construct
the explicit examples of Hermitian zero modes from non-
normal networks. The constructions are graphically per-
formed by giving the weighted directed graphs.
2TABLE I. Correspondences between concepts of Hermitian anomalous zero modes and those of nonnormal matrices.
Hermitian anomalous zero mode Nonnormal matrix
• Topological zero modes •Non-Hermitian skin effects
Su-Schrieffer-Heeger model, Hatano-Nelson model,
1D topological insulators (TIs) and superconductors (TSCs), Symmetry-protected skin effects,
Defect zero modes in higher-dimensional TIs and TSCs, etc. Higher-dimensional skin effects, etc.
•Anomalous zero modes ⊃ Topological zero modes •Nonnormal spectral instability ⊃ Non-Hermitian skin effects
Hermitian system with anomalous zero modes, Nonnormal network,
Exact zero modes, Nonnormal spectra,
Quasi-zero modes. Nonnormal pseudospectra.
II. TOPOLOGICAL ORIGIN OF
NON-HERMITIAN SKIN EFFECTS
In this section, we briefly review the non-Hermitian
skin effects and their topological theory developed in Ref.
[17] and point out a new insight about the pseudospec-
trum. In this reference, the authors and the collaborators
showed that the mathematics of non-Hermitian skin ef-
fects is identical to that of the boundary zero modes of
Hermitian topological insulators. This correspondence is
the starting point for the theory developed in the later
sections.
A. Non-Hermitian skin effect and winding number
As a typical example of non-Hermitian skin effect, we
consider the Hatano-Nelson model. The Hatano-Nelson
model [19, 20] without disorder is given by
H(HN) :=
∑
i
[
(t+ g) c†i+1ci + (t− g) c
†
ici+1
]
(1)
with t > 0 and g ∈ R, or in matrix representation,
H(HN) :=


0 t− g 0 · · ·
t+ g 0 t− g · · ·
0 t+ g 0 · · ·
...
...
...
. . .

 . (2)
In this section, we are interested only in the energy
spectra of non-interacting Hamiltonians. The statistics
of the creation and annihilation operators (c, c†) is not
important. Since the following argument is based on
the spectral theory of matrices, we adopt the matrix
representation unless otherwise noted. Under the peri-
odic boundary condition (PBC), the energy spectrum
of Eq. (2) is given by the dispersion relation calcu-
lated by the Fourier transform. In this one-band model,
the dispersion is equivalent to the Bloch Hamiltonian
H(HN) (k) = (t+ g) eik + (t− g) e−ik, which forms an el-
lipse for g 6= 0 in the complex-energy plane.
Under the open boundary condition (OBC), the spec-
trum of Eq. (2) is drastically changed from the PBC
one. To see this, we map H
(HN)
OBC to the following Hermi-
tian matrix H ′ by a similarity transformation:
H ′ := V −1r H
(HN)
OBC Vr
=


0
√
|t2 − g2| · · ·√
|t2 − g2| 0 · · ·
...
...
. . .

 , (3)
where [Vr]i,j = δijr
i with r =
√
|t+ g|/|t− g|. Since the
similarity transformation does not change the eigenspec-
tra of finite matrices in general, the energy spectrum of
the Hatano-Nelson model with the OBC coincides with
the real spectrum of the Hermitian matrixH ′, in contrast
to the case in the PBC. This extreme sensitivity of the
spectrum against the boundary conditions is called non-
Hermitian skin effect because plane-wave-like eigenstates
of the mapped Hamiltonian become boundary-localized
modes in the original Hamiltonian.
The non-hermitian skin effect can occur for one-
dimensional non-Hermitian tight-binding models without
any specific symmetry. When a non-Hermitian Hamilt-
nian H with finite-range hopping has the translation in-
variance in the bulk, the following statements hold in the
infinite-volume limit (Fig. 1) [17]:
• In the complex plane C, the spectrum of H un-
der the semi-infinite boundary condition, where the
boundary is only at the left-hand side of the sys-
tem, is equal to the PBC spectral curve together
with all the points E ∈ C enclosed by the PBC
curve with the nonzero winding number W (E).
• For W (E) < 0 (W (E) > 0), the right (left) eigen-
states of H under the semi-infinite boundary con-
dition exist and are localized at the boundary with
exponential decay.
• The OBC spectrum is included in the semi-infinite
spectrum.
• The OBC curve has no winding.
The winding number W (E) is defined as
W (E) :=
∮
C
dβ
2πi
d
dβ
log (H (β)− E) , (4)
3FIG. 1. Complex spectra of a one-dimensional non-Hermitian
Hamiltonian under the open (OBC), periodic (PBC), and
semi-infinite boundary conditions. A semi-infinite dense spec-
trum indicates the presence of the non-Hermitian skin effect,
where the OBC spectrum is far from the PBC one.
where H(β) is the analytic continuation of the Bloch
Hamiltonian H(eik) to the whole complex plane. Under
the PBC, β is nothing but the plane-wave solution eik,
while under the OBC, β is on the generalized Brillouin
zone, which should be determined via the non-Bloch
theory. [9–11, 14, 15]. The first and second statements
are variants of the Toeplitz index theorem in spectral
theory [18, 21]. Roughly speaking, the third one holds
because the OBC spectrum can be regarded as the
semi-infinite spectrum with the additional boundary
condition at the right-hand side. The fourth one can
be shown by using the properties of the similarity
transformation as well as the index theorem. As a
consequence of these statements, the following theorem
holds [17].
Theorem The OBC curve has no winding (W = 0).
Thus, if the PBC curve has winding (W 6= 0), the
non-Hermitian skin effect, where the OBC spectrum is
far from the PBC one, inevitably occurs.
B. Semi-infinite boundary states and Hermitian
topological zero modes
As noted above, the non-Hermitian skin effect is ex-
plained in terms of the nontrivial winding number. Ac-
tually, this number is nothing but the topological invari-
ant of a one-dimensional Hermitian topological insulator
with the chiral symmetry, as discussed below. As a conse-
quence of the bulk-boundary correspondence in Hermi-
tian topological insulators, the non-Hermitian localized
modes in the semi-infinite system can be related to the
Hermitian topological zero modes.
To see this, let us consider the non-Hermitian Hamilto-
nian H defined on semi-infinite system and the following
doubled Hermitian Hamiltonian with a reference point
E ∈ C:
H˜E :=
(
0 H − E
H† − E∗ 0
)
. (5)
By construction, H˜E respects additional chiral symme-
try:
ΓH˜EΓ
−1 = −H˜E with Γ =
(
1 0
0 −1
)
. (6)
Thus, the non-Hermitian physics without symmetry
(class A in Altland-Zirnbauer classification [22]) can be
related to the Hermitian physics with the chiral symme-
try (class AIII) via Eq. (5). An important byproduct
of this construction is the discovery that the aforemen-
tioned index theorem in the spectral theroy for the class-
A non-Hermitian Hamiltonians is equivalent to the bulk-
boundary correspondence in the one-dimensional class-
AIII Hermitian topological insulator because the winding
number in Eq. (4) also gives the explicit expression of the
Z topological invariant of H˜E . In other words, the non-
Hermitian localized boundary modes with the reference
energy E ∈ C correspond to the one-dimensional class
AIII topological zero modes of H˜E as discussed below.
According to the conventional bulk bulk-boundary cor-
respondence, H˜ possesses topologically protected zero
modes localized at the boundary [1, 2, 23]. For W (E) <
0, there appear boundary modes with negative chirality:
H˜E
(
0
|E〉
)
= 0, (7)
Γ
(
0
|E〉
)
= −
(
0
|E〉
)
, (8)
which implies that |E〉 is a right eigenstate of non-
Hermitian H (i.e., H |E〉 = E |E〉) localized at the
boundary. ForW (E) > 0, on the other hand, the bound-
ary modes have positive chirality:
H˜E
(
|E〉
0
)
= 0, (9)
Γ
(
|E〉
0
)
=
(
|E〉
0
)
, (10)
which in turn implies that |E〉 is a right eigenstate of
H†, i.e., a left eigenstate of H (i.e., 〈E|H = 〈E|E) [24].
In both cases, the semi-infinite boundary modes of non-
Hermitian H are constructed from the topological zero
modes of Hermitian H˜ . In terms of this correspondence,
H˜ of the Hatano-Nelson model is nothing but the Su-
Schrieffer-Heeger model [25].
The above discussion is valid for arbitrary E ∈ C sat-
isfying W (E) 6= 0. Thus, in semi-infinite systems, an
infinite number of boundary modes emerge as a result
of the nontrivial winding number W (E) 6= 0, which can
be related to the boundary zero modes of a topological
insulator.
4C. Skin effect and Hermitian topological zero
modes: a subtlety about exact and quasi-zero modes
According to the above discussion, there is a direct cor-
respondence between non-Hermitian semi-infinite bound-
ary modes and Hermitian topological zero modes. Basi-
cally, this relation can be generalized to the full OBC
case, where there is an additional boundary condition
at the right-hand side of the one-dimensional system.
In this case, however, there arises a subtle point. In
physics, one believes that the class-AIII bulk-boundary
correspondence predicts the presence of topological zero
modes for any E satisfying W (E) 6= 0 even for the OBC,
while the non-Hermitian skin modes are present only for
a particular set of E. The origin of this mismatch is
that the former includes the quasi-zero modes that be-
come exact zero modes only in the infinite-volume limit.
By construction, the direct correspondence between non-
Hermitian boundary modes and Hermitian topological
zero modes holds only for the exact zero mode.
This subtle point becomes essential when we consider
the variants of the non-Hermitian skin effect in higher di-
mensions. In Ref. [17], the authors and the collaborators
generalized the non-Hermitian skin effect to other sym-
metry classes and dimensions, which we call symmetry-
protected skin effect and higher-dimensional skin effect,
respectively. We also constructed concrete examples of
the one- and two-dimensional time-reversal-symmetric
skin effects. In the two-dimensional example, the non-
Hermitian skin effect does not occur under the full OBC,
while it occurs for the case with the PBC in one direc-
tion and the OBC in the other direction. This comes
from the fact that in a two-dimensional class-DIII super-
conductor, which corresponds to H˜E , “exact” topological
zero modes are absent in the former boundary condition
but they present in the latter boundary condition. In the
next subsection, we discuss this point for details.
Thus far, we have discussed the correspondence be-
tween “exact” zero modes and the non-Hermitian skin
modes. The next question is, what the counterpart of
the quasi-zero mode is. The answer is the pseudospec-
trum, which is a generalization of the spectrum as defined
in the next section. Roughly speaking, we can find the
correspondence between a pseudo-eigenmode of the non-
Hermitian system, which is an almost eigenstate with a
slight deviation, and the topological quasi-zero mode. In
this sense, we can still find the skin modes even though
the doubled Hermitian Hamiltonian has no exact topo-
logical zero mode as in the case of the above example
under the full OBC.
D. Remarks about generalized skin effects from
various topological zero modes
As mentioned above, the notion of the non-Hermitian
skin effect can be generalized to other symmetry classes
and dimensions [17, 26]. Ref. [17] pointed out that sub-
sets of non-Hermitian classifications [12, 27] describe such
generalized skin effects. The condition for this corre-
spondence is that the doubled Hermitian Hamiltonian
has the topologically-protected exact zero modes that
lead to the semi-infinite dense spectrum in the original
non-Hermitian Hamiltonian. In the case of the D(> 1)-
dimensional topological insulators, it is known that the
topological zero modes under the full OBC cannot be ex-
actly zero and has finite energies proportional to the in-
verse of the system size. Under the presence of the topo-
logical defect such as the π flux in two dimensions, there
can exist exact boundary and defect zero modes [28]. As
a result, the corresponding non-Hermitian Hamiltonian
has the skin modes at the boundary and defect. For ex-
ample, the two-dimensional time-reversal-symmetric skin
effect under the full OBC can be induced by the π-flux
insertion.
III. SPECTRUM AND PSEUDOSPECTRUM OF
NONNORMAL MATRIX
The main purpose of this paper is to give a new con-
struction of Hermitian anomalous zero modes by gener-
alizing the relationship between topological zero modes
and non-Hermitian skin effects. For this purpose, we no-
tice the fact that the non-Hermitian skin effects can also
be understood as special examples of unstable spectra of
nonnormal matricesH (i.e., [H,H†] 6= 0). On the basis of
Ref. [18], we here briefly introduce the several concepts in
the spectral theory including nonnormal pseudospectra,
which will play a similar role as the semi-infinite spectra
in the next section. As an application of pseudospectra,
we also discuss the nonequilibrium dynamics governed by
the nonormality.
A. Nonnormal matrix and its measure
In usual quantum mechanics, one focuses on Hamil-
tonians that are described by Hermitian matrices,
which are specific examples of normal matrices H , i.e.
[H,H†] = 0. The necessary and sufficient condition for
H to be normal is that H can be written in the following
form:
H = UDU−1 = UDU †, (11)
where U is a unitary matrix, and D is a diagonal matrix
whose elements are eigenvalues of H . Since H can be
diagonalized by a unitary matrix, there is no need to
distinguish between right and left eigenvectors defined as
H |r, i〉 = Ei|r, i〉,
〈l, i|H = 〈l, i|Ei ⇔ H
†|l, i〉 = E∗i |l, i〉, (12)
where i denotes the eigenvalue index.
Except for simple cases such as a system with a con-
stant dissipation term, non-Hermitian systems are de-
scribed by nonnormal matrices H , i.e. [H,H†] 6= 0.
5Thus, the Hamiltonains are no longer diagonalized by
unitary matrices and can be non-diagonalizable in ex-
treme cases. As a consequence, there exist pairs of left
and right eigenvectors such that
|〈l, i|r, i〉| < 1, (13)
where the normalization is defined as 〈r, i|r, i〉 =
〈l, i|l, i〉 = 1. The presence of such eigenvectors is a
unique property of nonnormal matrices. We use this
property to define the Hermitian anomalous zero modes
in the next section.
For a moment, let us assume that the nonnormal H is
diagonalizable, i.e. H = PDP−1 with
P := (|r, 1〉, |r, 2〉, · · · ) , (14)
P−1 =


〈l, 1|/〈l, 1|r, 1〉
〈l, 2|/〈l, 2|r, 2〉
...

 . (15)
The nonnormality is often measured by ‖P−1‖, where ‖·‖
is the matrix norm. We adopt the 2-norm as the matrix
norm:
‖A‖2 := max
x
‖Ax‖2
‖x‖2
, (16)
where ‖x‖2 := (
∑
i |x|
2
i )
1/2 is the vector 2-norm. By
using this definition, the nonnormality is calculated in
terms of the quantity in Eq. (13):
‖P−1‖ =
1
mini |〈l, i|r, i〉|
. (17)
When the Hamiltonian is normal, P = U and thus this
quantity is unity. An interesting nontrivial example is
again the Hatano-Nelson model introduced in the previ-
ous section. This model under the PBC is described by
a normal matrix, and thus this quantity is unity. Under
the OBC, on the other hand, the system is nonnormal,
and this quantity becomes infinity in the infinite-volume
limit since it is the inverse of the overlap integral be-
tween a right eigenstate localized at one side and a left
eigenstate localized at the other side.
Note that we assume ‖P‖ ∼ 1 by using the normal-
ized eigenvectors [see also Eq.(14)]. More generally, it is
convenient to use the condition number [29]:
κ(P ) := ‖P‖‖P−1‖. (18)
Since the 2-norm of a matrix is its largest singular value
and the norm of the inverse is the inverse of the smallest
singular value, the condition number is calculated as
κ(P ) = smax(P )/smin(P ) ≥ 1. (19)
This also becomes unity only when H is normal. When
H is not diagonalizable, κ is set to be infinite as a con-
vention.
FIG. 2. (a) Spectra and pseudospectra of normal and non-
normal matrices. (b) Lindblad spectrum and pseudospectra
with ǫ = 1/t1, 1/t2, 1/t3.
B. Spectral theory of nonnormal matrices
The spectra of nonnormal matrices tend to be unsta-
ble against small perturbations. For instance, the OBC
spectrum of the Hatano-Nelson model, which is described
by a nonnormal matrix as mentioned above, gets close to
the PBC one under a nonlocal perturbation that connects
two boundaries. Such an instability is well understood in
terms of ǫ-pseudospectra of the matrices. In this sub-
section, we introduce the notion of pseudospectrum and
summarize some basic properties [18].
There are three identical definitions of ǫ-
pseudospectrum σǫ(H) of a matrix H ∈ C
N×N for
arbitrary ǫ > 0.
• The set of z ∈ C such that ‖(z −H)−1‖ > ǫ−1.
• The set of z ∈ C such that z ∈ σ(H + η) for some
η ∈ CN×N with ‖η‖ < ǫ.
• The set of z ∈ C such that ‖(z−H)v‖ < ǫ for some
v ∈ CN .
Here σ(·) is the spectrum of the matrix. By definition,
the pseudospectrum describes behaviors of spectra un-
der perturbations. In the case of Hermitian matrices,
any perturbations to them do no change their spectra so
much. Actually, for general normal matrices, the pseu-
dospectrum is given by the ǫ-neighborhood of the spec-
trum [Fig.2 (a)] [18]:
σǫ(H) = σ(H) + ∆ǫ := {z | dist(z, σ(H)) < ǫ}, (20)
where dist(·, ·) denotes the distance between two points
in the complex plane. In the case of nonnormal matrices,
on the other hand, the pseudospectrum is larger than the
ǫ-neighborhood of the spectrum [Fig.2 (a)]:
σǫ(H) ⊃ σ(H) + ∆ǫ. (21)
Equation (21) means that small perturbations to nonnor-
mal matrices drastically change the spectrum. In general,
6the upperbound of the pseudospectrum of a diagonaliz-
able matrix is given in terms of the condition number
(18) [18]:
σ(H) + ∆ǫ ⊆ σǫ(H) ⊆ σ(H) + ∆κ(P )ǫ. (22)
In other words, the nonnormality measures the instability
of the spectrum against small perturbations.
C. Semi-infinite spectra versus pseudospectra
As we discussed in the previous section, the spec-
trum of a one-dimensional short-range semi-infinite tight-
binding model without symmetry (class A) is given by the
corresponding PBC spectrum together with all the points
enclosed by the PBC curve with nonzero winding num-
ber. This “dense” nature of the semi-infinite spectrum
looks like the behavior of the nonnormal pseudospectra.
In fact, the following relation between the semi-infinite
spectrum and the corresponding OBC pseudospectrum
holds:
σ(HSIBC) = lim
ǫ→0
lim
N→∞
σǫ(HOBC). (23)
This relation is compatible with the fact that nonlocal
perturbations that connect two ends of a one-dimensional
system can drastically change the OBC spectrum [30].
Note that these two limits do not commute, and the op-
posite order of limit corresponds to the OBC spectrum
in the infinite-volume limit.
D. Possible application for nonequilibrium
phenomena
There are lots of application of pseudospectra. For
example in fluid mechanics, the stability of some fluid
flow can be well described not by the spectrum but by
the pseudospectrum of the linearlized differential equa-
tion, which indicates that the nonnormality is impor-
tant as well as the nonlinearlity [18]. In network sci-
ence, which treats the complex systems in physics, biol-
ogy, and sociology, the transient dynamics is governed by
the pseudospectra of nonnormal networks [31]. In par-
ticular, Gong et al. discussed the relationship between
the boundary quench and Lieb-Robinson bound in the
Hatano-Nelson model and claimed that quasi-edge modes
behave like eigenstates up to some time scale [12].
Although it is not directly related to the main subject,
we here discuss a possible application of pseudospectra
for the Lindblad superoperators [32, 33] [Fig.2 (b)], which
describe nonequilibrium quantum phenomena in certain
conditions. The imaginary part of spectra [34] contains
the information that determines the relaxation processes
against the nonequilibrium steady state. The eigenvalue
with the largest imaginary part (the spectral abscissa in
mathematics) is known to govern the long-time behav-
ior (t → ∞), while the largest eigenvalue of the anti-
Hermitian part of the matrix (the numerical abscissa)
is expected to describe the short-time quench dynamics
(t→ 0). We expect that pseudospectra describe the tran-
sient dynamics (0 < t < ∞) of the relaxation process.
For each ǫ > 0, the pseudoeigenvalue with the largest
imaginary part, which corresponds to the pseudospec-
tral abscissa (αǫ(A)), charaterizes the time-scale of the
relaxation if ǫ is sufficiently small. Roughly speaking,
the competition between 1/ǫ and 1/|αǫ(A)| determines
the transient region of the dynamics. Thus, the strong
nonnormality that makes the pseudospectral abscissa for
small ǫ far from the spectral abscissa affects the tran-
sient but relatively long-time dynamics, for example in
the systems with non-Hermitian skin effects. It would be
interesting to compare it with the recent work about the
true long-time Lindblad dynamics of the non-Hermitian
skin effect [35].
The notion of pseudosepctrum is also related to the
retarded and advanced Green functions:
GR(A)(ω) =
1
ω −H ± Σ
, (24)
where ω ∈ R is the frequency, and H and Σ are the
non-interacting Hermitian Hamiltonian and self-energy,
respectively. Apparently, the form of the Green func-
tions is the same as the resolvent in the first definition of
the pseudospectrum. Since Green functions appear in the
expressions of transport quantities, we expect that there
exist transport phenomena whose origin is the nonnor-
mality. In particular, the form of the spectral function
and the density of states respect the behavior of the pseu-
dospectra on the real axis.
IV. CONSTRUCTIN OF HERMITIAN ZERO
MODES FROM NONNORMAL MATRICES
One of the most intriguing properties of the topological
insulators is the anomalous boundary zero mode, which
is related to the quantum anomaly. In this section, we
construct anomalous zero modes from general nonnormal
matrices, which do not necessarily have the topological
characterization. Although such zero modes are not al-
ways protected by bulk invariants, the anomalous nature
is still robust against certain symmetry-preserving per-
turbations. We regard the nonnormal pseudospectral be-
havior as the measure of the robustness against certain
perturbations. Since our theory includes the notion of
the topological protection as a special case, we use the
correspondence between the Hatano-Nelson model and
Su-Schrieffer-Heeger model as a concrete example for the
comprehensive understanding of several concepts. We
first consider the class-AIII case as the simplest exam-
ple. We then generalize the theory to the class-BDI case,
where the anomalous zero modes correspond to the Ma-
jorana fermions, and discuss other symmetry classes.
7FIG. 3. Correspondence between nonnormal concepts and
Hermitian zero modes. Exact and quasi-zero modes can be
constructed from nonnormal spectrum and pseudospectrum.
A. Class-AIII exact and quasi-zero modes from
nonnormality
As in the case of Eq. (5), we can trivially construct a
class-AIII Hermitian Hamitonian with exact zero modes
from a general square matrix H that describes arbitrary
class-A lattice systems with arbitrary spatial dimensions,
and its eigenvalue E:
H˜E :=
(
0 H − E
H† − E∗ 0
)
,
H˜E
(
0
|r, E〉
)
= 0, H˜E
(
|l, E〉
0
)
= 0, (25)
where l and r again denote the left and right eigenvectors
ofH [see Eq. (12)]. The first and second zero modes have
the negative and positive chirality, as already mentioned.
These zero modes, however, are not always extracted as
the anomalous zero modes isolated in real space. For
example, if H is a normal matrix, |r, E〉 is identical to
|l, E〉, and the two zero modes are located at the same
position in real space, while two anomalous boundary
zero modes found in the Su-Schrieffer-Heeger model are
isolated from each other in real space.
The conditions for these zero modes to be anomalous
in real space are given as follows.
• H is a nonnormal matrix, or equivalently, the
ǫ-pseudospectrum of H is larger than the ǫ-
neighborhood of the spectrum of H .
This condition enables us to choose |r, E〉 and |l, E〉 such
that |〈l, E|r, E〉| < 1. If the matrix elements include the
internal degrees of freedom such as spin in addition to
site indices, we also need the second condition:
• The pseudospectrum ofH under perturbations that
only act on internal degrees of freedom stays at the
neighborhood of the original spectrum of H .
(In general, pseudospectrum with a restricted perturba-
tion is called as structured pseudospectrum.) Owing to
this condition, |r, E〉 is located far from |l, E〉 in real
space. To obtain the well separated zero modes for given
H , it is efficient to choose the eigenvalue E with the
smallest |〈l, E|r, E〉|. In the case of the skin modes of the
Hatano-Nelson model, all the eigenstates have the same
localization length, and the overlap integral |〈l, E|r, E〉|
is exponentially small with respect to the size of the sys-
tem. As a result, the Su-Schrieffer-Heeger model, which
is the doubled Hermitian Hamiltonian of the Hatano-
Nelson model, has the exponentially-localized topological
boundary zero modes.
Now we are in a position to characterize quasi-zero
modes of a Hermitian system in terms of nonnormal
pseudospectra. Recall that the boundary modes in semi-
infinite dense spectrum of a non-Hermitian system are
related to topological boundary zero modes in the corre-
sponding semi-infinite doubled Hermitian Hamiltonian.
As we mentioned in the previous section, the pseudospec-
trum looks like the semi-infinite dense spectrum, and Eq.
(23) holds in the case of class-A non-Hermitian chains.
In the following, the pseudospectrum plays a similar role
as the semi-infinite dense spectrum. Let us choose Eǫ in
the ǫ-pseudospectrum of H :
‖(H − Eǫ)|r, Eǫ〉‖ < ǫ,
‖(H† − E∗ǫ )|l, Eǫ〉‖ < ǫ. (26)
These inequalities follow from the third definition of the
pseudospectrum. By using these vectors, we obtain∥∥∥∥H˜Eǫ
(
0
|r, Eǫ〉
)∥∥∥∥ < ǫ,∥∥∥∥H˜Eǫ
(
|l, Eǫ〉
0
)∥∥∥∥ < ǫ. (27)
These inequalities indicate that 0 is in the ǫ-
pseudospectrum of the doubled Hamiltonian H˜Eǫ from
the third definition. Since the ǫ-pseudospectra of Her-
mitian matices are nothing but the ǫ-neighborhood of
the spectra, there exist the quasi-zero eigenenergies of
H˜Eǫ that differ from exact zero by O(ǫ), which follows
from the second definition. In this sense, there is a
correspondence between the pseudospectrum of H and
the quasi-zero modes of H˜Eǫ . In the case of the Su-
Schrieffer-Heeger model, the quasi-zero modes are mainly
composed of superposition states of the negative- and
positive-chirality modes constructed from the right and
left peseudoeigenmodes of the Hatano-Nelson model. In
general, pseudoeigenvectors in Eq. (27) are the exact zero
modes of some perturbed Hamiltonian H˜Eǫ + η˜. Con-
versely, H˜Eǫ can be regarded as a Hamitonian perturbed
from H˜Eǫ + η˜, which implies that the quasi-zero modes
of H˜Eǫ are mainly composed of the exact zero modes of
H˜Eǫ + η˜ because of the conventional Hermitian pertur-
bation theory.
Again, these quasi-zero modes are not always anoma-
lous. Whether they are anomalous or not can be roughly
8decided from the behavior of the pseudospectrum of
a nonnormal matrix H (Fig.3). Corresponding to a
quasi-zero mode associated with H˜Eǫ , let us consider
Eǫ ∈ σǫ(H). From definition, there exists a matrix η
with ‖η‖ < ǫ such that Eǫ ∈ σ(H + η). Thus, Eǫ is an
eigenvalue of H + η. Then, if σǫ′(H + η) with ǫ
′ ≫ ǫ is
larger than the ǫ′-neighborhood of σ(H + η), H + η still
has large non-nomality. Thus, |〈l, Eǫ|r, Eǫ〉| is less than
unity. In the case of the Hatano-Nelson model with large
but finite system size under the OBC, a pseudoeigenstate
with Eǫ near the OBC eigenspectrum has small localiza-
tion length, which leads to the small |〈l, Eǫ|r, Eǫ〉|, while
that near the PBC curve is almost delocalized, which
leads to |〈l, Eǫ|r, Eǫ〉| ∼ 1. These facts are related to the
same behavior of boundary modes in the semi-infinite
Hatano-Nelson model via Eq. (23). Note that these dis-
cussions cannot exclude the case where the nonnormal
matrix partially behaves like normal one such as the case
where the matrix is decomposed into the direct sum of the
normal and nonnormal parts. Thus, Eǫ should be chosen
as the neighborhood of E satisfying |〈l, E|r, E〉| < 1.
Finally, we discuss the robustness of anomalous nature
of zero modes against chiral-symmetry-preserving pertur-
bations. In the case of the Su-Schrieffer-Heeger model
under the OBC, the topological boundary zero modes
are fragile against nonlocal perturbations that connect
two ends of the chain because of the recombination of
the anomalous zero modes into bulk modes, while they
are robust against local perturbations described by short-
range terms. In our present theory, the generalization of
this robustness is given as follows.
• Anomalous zero modes of H˜E are robust against
perturbations in the form of(
0 η
η† 0
)
(28)
with ‖η‖ < ǫ, if σ(H + η) stays inside of the ǫ-
neighborhood of σ(H).
This statement holds because the perturbed H + η still
has non-normality for the same reason in the previous
paragraph. Thus, the anomlaous zero modes are ro-
bust against such perturbations. Roughly speaking, the
strength of the anomalous nature of zero modes can be
measured by
(Size of ǫ-pseudospectrum)
ǫ
. (29)
The denominator represents the effect of structured per-
turbations, while the numerator does the effect of general
perturbations. In summery, the nonnormality determines
the robustness of the anomalous zero modes.
B. Class-BDI Majorana zero modes from
real-structured spectrum and pseudospectrum
The above discussion can be generalized to other sym-
metry classes if they support chiral symmetry. In partic-
ular, anomalous zero modes of the superconductors are
Majorana fermions, which have lots of applications in
condensed matter physics. We here treat the class-BDI
Majorana zero modes as the simplest example.
In the class BDI, both of the time-reversal (T ) and
particle-hole (C) symmetries are present:
TH∗T−1 = H, TT ∗ = 1, (30)
CH∗C−1 = −H, CC∗ = 1, (31)
where T and C are unitary matrices. By combining the
time-reversal and particle-hole symmetries, we can define
the chiral symmetry as in the case of the class AIII. By
taking the Majorana representation C = 1, where the
fermion operators satisfy the Majorana condition c = c†,
and taking Γ = σz, we can rewrite the Hamiltonian as
H =
(
0 −iR
iRT 0
)
, (32)
where R is a general real square matrix.
The way to generalize the theory developed for the
class AIII to the class-BDI Hamiltonians is just imposing
the reality on the nonnormal matrices as the additional
condition. Owing to this condition, the pseudospectra in
the above discussions should be replaced with the real-
structured pseudospectra, where the perturbation ma-
trices are real. To keep the BDI symmetry, the doubled
Hamiltonian is constructed by using a real reference point
E belonging to the spectra or pseudospectra:
H˜E∈R :=
(
0 −i(R− E)
i(RT − E) 0
)
. (33)
Note that real eigenvalues do not always exist since com-
plex eigenvalues, accompanied with their conjugates, are
allowed to exist. Thus, the exact zero modes cannot
always be defined in this construction, while quasi-zero
modes can always be defined for sufficiently large ǫ.
C. Remarks about classes, dimensionality, and gap
As discussed above, spectra and pseudospectra of non-
normal matrices are related to the Hermitian anomalous
zero modes under an additional chiral symmetry. Ex-
cept for the class-AIII zero modes, the anomalous zero
modes in general classes are constructed from the struc-
tured nonnormal matrices that obey the symmetry con-
straints such as the reality in the case of class-BDI zero
modes. Another example is the class DIII, where the cor-
responding nonnormal spectra and pseudospectra have
the Kramers degeneracy owing to the time-reversal sym-
metry. In terms of the symmetry-protected skin effects,
this class has been investigated in Refs. [17, 26].
The dimensionality of the zero modes is also an
important factor. In the case of the topological
zero modes in several D-dimensional topological insu-
lators/superconductors, symmetry-protected zero modes
9appear as a part of the (D−1)-dimensional gapless Dirac
dispersions (or as the defect bound states). In general
nonnormal lattice networks, where the topological nature
is not always present, such a massless dispersion is pos-
sible to be observed as a remnant of higher-dimensional
topology. Otherwise, anomalous zero modes originate
from the one-dimensional topology embedded in higher-
dimensional networks. The corner states of the higher-
order topological phases [36] are the typical example of
it.
Finally, we note that the present theory does not
ensure the presence of the large gap between anoma-
lous zero modes and other states, in contrast to
one-dimensinal topological insulators and superconduc-
tors. In higher-dimensional topological phases with zero
modes, there is no gap between the zero modes and
nonzero surface states in the thermodynamic limit, while
the robustness of zero modes are not affected by such
nonzero modes. Similarly, our theory ensures the robust-
ness of anomalous zero modes but does not ensure their
isolation from the other states.
D. Remarks about graph theory
One intuitive way to construct Hermitian zero modes
is to use the graph-theoretical representation. In terms
of graph theory, the nonnormal matrices can be regarded
as adjacency matrices of weighted directed graphs [Fig.4
(a)], where nodes and edges represent the sites including
internal degrees of freedom and hopping terms in tight-
binding models, respectively. By considering the dou-
bled Hamiltonian, we can costruct the class-AIII anoma-
lous zero modes and class-BDI Majorana fermions from
complex- and real-weighted directed graphs, respectively.
V. EXAMPLES OF NONORMAL NETWORK
AND HERMITIAN ZERO MODES
In this section, we introduce several examples of non-
normal matrices with graphical expressions. These ma-
trices are useful both for the realization of perturbation-
sensitive non-Hermitian systems and construction of Her-
mitian systems with anomalous zero modes. We per-
form the numerical diagonalization for some graphs and
compare the results with the pseudospectra obtained by
computing the resolvent ‖[z−H ]−1‖ = smax([z−H ]
−1),
where smax(·) denotes the largest singular value of the
matrix (see the first definition of the psedospectrum). In
the case of real nonnormal matices with a real reference
point, both of the complex and real (Majorana) fermions
can be constructed.
A. Nonnormal networks with all-range hopping
All-range hoppings break the short-range nature,
which is an implicit but important assumption of the
topological bulk-boundary correspondence. Neverthe-
less, the anomalous zero modes can still be defined by
making use of the nonnormality. For example, the L×L
nonnormal matrix
H =


0 M · · · ML−2 ML−1
aM 0 · · · ML−3 ML−2
...
...
. . .
...
...
aML−2 aML−3 · · · 0 M
aML−1 aML−2 · · · aM 0


, (34)
where 0 ≤ a < 1, describes the non-Hermitian Hamil-
tonian with assymetric all-range hopping terms [Fig.
4(a1)]. The pseudospectra of the system with L =
10,M = 1 for a = 0, 10−2 are plotted in Fig. 4(b), which
show the nonnormal behavior [Fig.4 (b)]. For a = 0,
H is defective (non-diagonalizable), and (1, 0, · · · )T and
(0, · · · , 1) are the right and left eigenvectors with eigen-
value E = 0, respectively. Thus, the doubled Hamilto-
nian H˜E=0 has the anomalous exact zero modes com-
pletely localized at the boundaries. For a 6= 0, on the
other hand, E = 0 is no longer an eigenvalue of H , and
it is located in the pseudospectrum with ǫ = 10−2. Since
the pseudospectrum with ǫ′ = 10−1 ≫ ǫ is much larger
than the ǫ′-neighborhood of the ǫ-pseudospectrum, the
corresponding pseudoeigenvector still has the large non-
normality (see the previous section for details). Thus,
H˜E=0 should have the anomalous quasi-zero modes. In
fact, the numerical calculation indicates that there are
boundary-localized modes with eigenvalues ±10−2 [Fig.
4 (b)].
B. Algebraic equation and nonnormality
The nonnormality is also related to the algebraic equa-
tions. Solutions of an algebraic equation, or equivalently,
roots of a polynomial
p(x) =: xL +
L−1∑
i=0
cix
i (35)
are sometimes very sensitive to the perturbations includ-
ing numerical errors. This sensitivity problem can be
understood in terms of spectral theory of a matrix whose
characteristic polynomial is p(x):
H =


−cL−1 −cL−2 · · · −c1 −c0
1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0

 . (36)
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FIG. 4. (a) Graphical expressions of nonnormal matices describing (a1) long-range hopping, (a2) algebraic equation, and
(a3) fractal network. (b) Pseudospectra of the long-range nonnormal matrix (a1) and corresponding Hermitian spectrum with
quasi-zero modes. (c) Pseudospectrum of the fractal network (a3) and corresponding Hermitian spectra with quasi-zero modes.
The graphical expression is shown in Fig.4 (a2). For ex-
ample, the companion matrix of the Wilkinson’s polyno-
mial p(x) =
∏L
i=1(x− i) is a nonnormal matrix with the
unstable spectrum and pseudospectrum [37].
C. Zero modes with power-law decay
The decay of the localized wavefunction is not limited
to the exponential form. Let us consider the following
square matrix:
H = GDG−1, (37)
where G is a regular matrix, D =diag(1, 2, · · · , L) is a di-
agonal matrix with natural-number entries, and L is the
number of sites. Since this form is nothing but a similar-
ity transformation, the eigenspectrum of H is given by
natural numbers. In terms of the nonnormal spectrum,
the case with [G]i,j = (i + j)
−1 has been well studied
[38]. The right eigenvector with the eigenvalue Ej = j is
given by
(|r, j〉)i =
1
i+ j
. (38)
Thus, the corresponding zero mode with negative chiral-
ity of the dobuled Hamiltonian is analytically obtained,
and it is localized at i = 1 with a power-law decay, while
the zero mode with positive chirality, on the other hand,
has no simple analytical expression.
D. Nonperiodic systems
While the condensed matter physics focuses mainly on
the crystals with translation invariance, other several net-
works are known to maintain good orders. Quasicrystals,
amorphas, hyperbolic lattices, and fractal structures are
typical examples of noncrystalline orders. Here, we con-
sider a nonnormal matrix on a fractal-lattice model (Sier-
pinski gasket) whose graphical expression is given in Fig.4
(a3). By making use of the strong nonnormal behav-
ior of pseudospectrum around the eigenvalue 0, we con-
struct the quasi-zero modes for different reference points
Epse = 10
−2, 2 × 10−1 [Fig.4 (c)]. Owing to the non-
normality, the quasi-zero modes consist of the localized
states at different corners.
VI. SUMMARY
In this paper, we have developed a theory of
nonnormality-induced Hermitian zero modes that have
a quantum anomaly, including Majorana fermions. As
a generalization of the relationship between topological
zero modes and non-Hermitian skin effects, we have con-
sidered the doubled Hermitian Hamitlonians constructed
from general nonnormal matrices. We have introduced
the spectra and pseudospectra of nonnormal matrices
and related them to the anomalous exact and quasi-zero
modes of the doubled Hermitian Hamiltonians, which do
not have to have topological characterization. We have
shown that the anomalous nature is measured by the
amount of nonormality, and its robustness against the
11
certain perturbations are determined by the behaviour
of the pseudospectra. Our theory not only proposes the
notion of the nonnormality-protected zero modes but also
adds nonnormal spectra and pseudospectra as tools for
topological and non-Hermitian physics.
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